Abstract. Consider the interval of integers Im,n = {m, m+ 1, m+ 2, . . . , m+ n − 1}. For fixed integers h, k, m, and c, let Φ (c) h,k,m (n) denote the number of solutions of the equation (a 1 +· · ·+a h )−(a h+1 +· · ·+a h+k ) = c with a i ∈ Im,n for all i = 1, . . . , h + k. This is a polynomial in n for all sufficiently large n, and the growth polynomial is constructed explicitly.
Linear relations in the integers
Let G be an additive abelian group, and let A be a nonempty finite subset of G. An additive quadruple in A is a 4-tuple (a 1 , a 2 , a 3 , a 4 ) ∈ A 4 such that a 1 + a 2 = a 3 + a 4 . We denote by Ψ 2 (A) the number of such additive quadruples. These quadruples are important in additive number theory because a set A with a small sumset 2A = {a 1 + a 2 : a 1 , a 2 ∈ A} must have many additive quadruples, and a set with few additive quadruples must have a large sumset (cf. Nathanson [5] and Tao-Vu [7] ). For any positive integer h, define Ψ h (A) as the number of 2h-tuples (a 1 , . . . , a 2h ) ∈ A 2h such that a 1 + · · · a h = a h+1 + · · · + a 2h . The following problem comes from counting the number of additive quadruples and the number of solutions of more general linear relations in the additive group of integers.
Let N and Z denote the sets of positive integers and integers, respectively. For n ∈ N and m ∈ Z, we define the intervals of integers I n = {0, 1, 2, . . . , n − 1} and I m,n = {m, m + 1, m + 2, . . . , m + n − 1}.
For h, k ∈ N and c ∈ Z, let Φ (c) h,k (n) denote the number of (h + k)-tuples (a 1 , a 2 , . . . , a h , a h+1 , a h+2 , . . . , a h+k ) ∈ I h+k n such that
For h, k ∈ N and m, c ∈ Z, let Φ (c)
h,k,m (n) denote the number of (h + k)-tuples in I h+k m,n that satisfy equation (1) . Thus, Φ 
Note that Φ (c)
h,k,m (n) > 0 if and only if
Thus, for fixed h, k, m, and c we have Φ
h,k,m (n) > 0 for all sufficiently large n. We shall prove that, for all h, k ∈ N and m, c ∈ Z, the arithmetic function Φ (c) h,k,m (n) is a polynomial in n of degree h + k − 1 for all sufficiently large n. In particular,
h,h (n) is a polynomial in n of degree 2h − 1 for all sufficiently large n.
If h = k and if (a 1 , . . . , a 2h ) ∈ Z 2h is a solution of equation (1), then the translate (a 1 +t, . . . , a 2k +t) ∈ Z 2k is also a solution of equation (1) for all t ∈ Z. This implies
Polynomial growth of additive quadruples
We begin by explicitly computing the polynomials Φ h,1 (n) and Φ 2,2 (n). Recall two standard facts about binomial coefficients.
If r h (x) denotes the number of h-tuples (a 1 , . . . , a h ) of nonnegative integers such that
We call r h (x) the h-fold representation function. Let d be a nonnegative integer. If a, b, c ∈ Z and (a, b) = (0, 0), then the binomial coefficient
is a polynomial in x and y of degree total d. If b = 0, then this is a polynomial in x of degree d.
is a polynomial in n of degree h with leading coefficient 1/h!.
Proof. Counting the number of (h + 1)-tuples in (a 1 , a 2 , . . . , a h , a h+1 ) ∈ I h+1 n such that
and so Φ h,1 (n) is a polynomial in n of degree h with leading coefficient 1/h!. This completes the proof.
Theorem 2 (Additive quadruples). For all n ∈ N,
is a polynomial in n of degree 3.
The integer (2n 3 + n)/3 is the nth octahedral number.
Proof. Here are two proofs. We have r 2 (x) = x+1. Because a 1 +a 2 = x if and only if (n−1−a 1 )+(n−1−a 2 ) = 2n − 2 − x, it follows that r 2 (x) = r 2 (2n − 2 − x) for 0 ≤ x ≤ n − 1, and so
The second proof is by induction on n. We have Ψ 2 (1) = 1 because 0 + 0 = 0. Suppose that the Theorem holds for some positive integer n. For j ∈ {0, 1, 2, 3, 4}, let N (j) denote the number of quadruples (a 1 , a 2 , a 3 , a 4 ) ∈ I 4 n+1 such that a 1 +a 2 = a 3 + a 4 and a i = n for exactly j integers i ∈ {1, 2, 3, 4}. Then Ψ 2 (n + 1) = 4 j=0 N (j). We have N (0) = Ψ 2 (n), N (3) = 0, and N (4) = 1. The only quadruples with j = 2 are of the form (a, n, a, n), (a, n, n, a), (n, a, a, n), and (n, a, n, a) with a ∈ I n , and so N (2) = 4n.
Quadruples with j = 1 must be of the form (a 1 , a 2 , a 3 , n), (a 1 , a 2 , n, a 4 ), (a 1 , n, a 3 , a 4 ), or (n, a 2 , a 3 , a 4 ), with a i ∈ I n , and there is the same number of quadruples of each form. Consider quadruples of the form (a 1 , a 2 , a 3 , n). Then a 1 + a 2 = a 3 + n, and 0 ≤ a 3 ≤ n − 2 because a 1 + a 2 ≤ 2n − 2. For each a 3 we must have (a 1 , a 2 ) = (x, a 3 + n − x) with 0 ≤ x ≤ n − 1 and 0 ≤ a 3 + n − x ≤ n − 1. Equivalently, a 3 + 1 ≤ x ≤ n − 1, and this interval contains exactly n − 1 − a 3 integers x. It follows that the number of quadruples of the form (a 1 , a 2 , a 3 , n) is
and so
This completes the second proof.
Explicit growth polynomials
In this section we prove that, for fixed h, k, m, and c, the function Φ (c)
h,k,m (n) is, for sufficiently large integers n, a polynomial in n of degree exactly h + k − 1. We begin by showing that Φ (c) h,k,m (n) has order of magnitude n h+k−1 .
Lemma 1.
For h, k ∈ N and m, c ∈ Z, there exists a number θ = θ(h, k, m, c) > 0 such that
for all sufficiently large integers n.
Proof. Because the equations
have the same solutions in I m,n , it follows that
k,h,m (n). Thus, we can assume without loss of generality that h ≥ k.
For every (h + k − 1)-tuple (a 1 , . . . , a h+k−1 ) ∈ I h+k−1 m,n , there exists at most one integer a h+k ∈ I m,n that satisfies (1) and so
Let 0 < ε < 1 3 and let α, β, γ, and δ be real numbers such that If n ≥ N and if
Similarly, if n ≥ N and if
We shall construct numbers α, β, γ, and δ that satisfy inequalities (2), (5), and (6). There are two cases. The first case is k = 1. Because 0 < ε < 1/3, we have ε < 1 − 2ε and there exist numbers α, β ∈ (0, 1) such that ε h ≤ α < β ≤ 1 − 2ε h .
Let γ and δ be any numbers such that 0 ≤ γ < δ ≤ 1. Inequalities (2), (5), and (6) are satisfied.
In the second case, we have k ≥ 2. Because 0 < ε < 1/3, there exist γ, δ ∈ (0, 1) such that
It follows that
and so there exist numbers α, β ∈ (0, 1) such that
Thus, α, β, γ, and δ satisfy conditions (2), (5), and (6) . If the (h+k−1)-tuple (a 1 , . . . , a h+k−1 ) satisfies conditions (3) and (4), then there exists a unique integer a h+k ∈ I m,n such that the (h+k)-tuple (a 1 , . . . , a h+k−1 , a h+k ) ∈ I h+k m,n satisfies equation (1) . The number of integers that satisfy inequality (3) is at least
[βn] − [αn] > (β − α)n − 1 and the number of integers that satisfy inequality (4) is at least
for all sufficiently large n. This completes the proof.
We denote by [y] the integer part of the real number y.
Lemma 2. Let N be a positive integer. In the field of formal Laurent series with rational coefficients, if
Proof. Recall the binomial theorem
Also, the formal power series for the (N − 1)st derivative of 1
This completes the proof.
Theorem 3. For all h, k ∈ N and m, c ∈ Z, for n ≥ 11. Moreover, n = 11 is the smallest value of n for which the polynomial gives the correct number of solutions of the equation a 1 + a 2 + a 3 − a 4 − a 5 = 12 with (a 1 , a 2 , a 3 , a 4 , a 5 ) ∈ I 5 n .
Additive energy and open problems
Let A be a nonempty finite subset of an abelian group G. The h-additive energy of A is
The h-fold Freiman constant of the set A is κ h (A) = |hA|/|A|.
For x ∈ hA, let r A,h (x) denote the number of h-tuples (a 1 , . . . , a h ) ∈ I h n such that a 1 + · · · + a h = x. From the definition of the function Ψ h (n), we obtain
An application of the Cauchy-Schwarz inequality to the identity
Division by n 2h gives the following uncertainty inequality in additive number theory (cf. Nathanson [6] ):
For the interval I n in Z, we have hI n = I hn−h+1 and so
Let ℓ(h) denote the leading coefficient of the polynomial Ψ h (n). Then
The following Morier-Genoud and Ovsienko [4] consider additive quadruples in the vector space F n 2 in connection with Hurwitz sums of squares identities. Green [2] and Green and Tao [3] also consider additive quadruples in finite fields. It would of interest to determine the polynomiality of the number of additive quadruples, additive octoples, and other additive (h, k)-relations in the vector space F n q over the finite field F q as the dimension n → ∞.
